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Phase mappings from diffusion-coupled
excitable chemical systemsf
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Department of Chemical Engineering, Prague Institute of Chemical Technology,
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Dynamics of a cascade of two diffusion-coupled excitable units periodically per-
turbed by pulses applied to the first cell is examined. Firing sequences experimen-
tally found in a chemical system constituted by two coupled stirred cells with the
Belousov—Zhabotinskii (BZ) reaction are modelled on two levels. A phase map-
ping of an abstract piecewise linear excitable two-cell system is derived and its
dynamics examined in detail. The functional form of this map combined with
local excitation dynamics extracted from a realistic model of the BZ kinetics is
used to formulate a semi-empirical model directly applicable to the experimental
BZ system. The frequency of firings in the second cell can be either equal to
that in the first cell — a complete propagation of the excitation, or smaller — a
propagation failure. Complex patterns of transitions between the two dynamic
modes found in experiments are well predicted by the semi-empirical model and,
surprisingly, by the abstract model as well, pointing to a generic nature of the
patterns.
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1. Introduction

Excitable chemically reacting liquid ionic systems and excitable biological sys-
tems, such as chemical or electric synapses, specific receptors, neurons, neural
networks, various excitable tissues (e.g. heart), etc., share a number of common
properties. On a macroscopic level of description excitability is associated with
rapid changes of temporal and spatiotemporal patterns of concentrations and
fluxes of reacting and/or transported (via diffusion, ionic migration or convec-
tion) chemical species in response to a stimulation by an external perturbation of
concentration, temperature, light, etc. Particular mechanisms of excitation in bi-
ological systems are mutually coupled in a complex and often still not identified

p—d
< way. Hence relatively simpler chemical systems operated under well-controlled
> > conditions, for instance a continuous flow-through reaction cell (CSTR) or a net-
o : work of coupled CSTRs, can serve as a tool for testing different ways of description
=~ of excitable systems.
Q) A widely used technique for studying the phase-resetting of biological clocks by
O an external stimulus is based on the measurements of phase shifts of oscillations
= caused by perturbing the system at various phases of the clock; see, for example,
-
5z
EQ 1 This paper was produced from the authors’ disk by using the TEX typesetting system.
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a recent study of circadian rhythms in prokaryotes (Kondo et al. 1993). The
variation of the phase shift with the phase of the perturbation is represented by a
one-dimensional mapping — the phase response curve (PRC) (Winfree 1977; Glass
& Mackey 1988; Glass et al. 1991).

Such a mapping was constructed from measurements of a chemical oscillatory
system — the Belousov—Zhabotinskii (BZ) reaction — run in a ¢STR (Dolnik et
al. 1986). Repeated iterations of a map simply related to the PRC provide an
excellent way of predicting the dynamics, periodic as well as aperiodic, observed
in the cSTR periodically perturbed by pulse additions of a reactant (Dolnik et
al. 1986; Marek & Schreiber 1991, ch. 5). The dynamic response to single as well
as repeated pulse stimulations of the excitable BZ reaction was also a subject of
our previous work (Dolnik et al. 1989; Finkeova et al. 1990). A one-dimensional
map analogous to the PRC, the phase excitation curve (PEC), was constructed
from the responses to multiple stimulations and used in predicting the dynamics
of the periodically perturbed excitable BZ reaction in the same fashion as the
PRC in the case of the oscillatory BZ system (Dolnik & Marek 1991, Dolnik et al.
1992). The experimental technique for the construction of the PEC was tested on
several kinetic schemes for the BZ and other chemical systems and used for the
construction of a resonance (or excitation) diagram — the plot of a firing number
against the period and/or the amplitude of the perturbation. The firing number
measures the average number of the events of excitation within one forcing period
(Alexander et al. 1990).

The outlined methods are equally applicable to biochemical and biological sys-
tems. There is a striking analogy between complex biological and simple chem-
ical systems manifested by a similar structure of the excitation diagrams of the
BZ reaction and those reported for periodically stimulated giant axons of squid
(Takahashi et al. 1990; Dolnik & Marek 1991).

Excitatory and oscillatory units in biological systems (receptors, neurons) are
frequently coupled, locally or globally, chemically or electrically. Information
transmission and coding in such networks is tied with the properties of out-
coming sequences of interspike intervals (firing patterns). Specific cells can be
activated by a particular stimulus and the resulting firing pattern may serve a
physiological function, e.g. to encode visual images of objects or to provide a
mechanism of short term memory or learning (Tanaka 1992; Fujita et al. 1992;
Hammer 1993). Coupled chemical oscillators and excitators have been the sub-
ject of several recent experimental and computer-assisted studies; see Schreiber &
Marek (1993), Yoshimoto et al. (1993) and Zeyer et al. (1993) for recent reviews.
Formally derived models based on cellular automata and coupled map lattices
have been primarily used for studies of cooperative dynamics in coupled systems
(Kaneko 1990; Chawanya et al. 1993). A closely related problem of modelling
waves and other dynamical phenomena in excitable media with continuous space
is also of considerable interest (Holden et al. 1991; Barkley 1991).

Several theoretical works use a phase model that describes a single oscillatory
or excitable unit by (Kuramoto 1991)

do/dt = v(¢), (1.1)

where the phase ¢ is a cyclic variable. The equation corresponds to excitable
dynamics if the vector field v contains a stable stationary point and to oscilla-
tory dynamics if there is no ¢ such that v(¢) = 0. Development of methods for

Phil. Trans. R. Soc. Lond. A (1994)
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the construction of a phase model having the form of (1.1) and consistent with
experimental data represents an important step in efforts aimed at modelling of
networks of biological excitable elements.

In this paper we shall describe a specific mapping that reproduces excitation
diagrams constructed from the experiments with two coupled chemical cells with
the BZ reaction in the excitable mode externally driven by periodic pulses intro-
duced into one of the cells. We shall be particularly interested in the description
of the propagation failure dynamics. This phenomenon occurs when the event
of excitation fails to propagate into the second cell each time a pulse elicits an
excitation in the first cell; the propagation failure can be controlled by exter-
nal constraints (Kosek & Marek 1993). A similar behaviour, selective elimination
of synapses, has been described in formal enzymatic neuron models (Okamoto
1992).

In §2 a piecewise linear phase model that captures essential features of a gen-
eral excitable system is introduced and the dynamics of a phase excitation map
derived for two coupled excitable units is examined. Section 3 reviews our recent
experimental work followed by a procedure that combines the detailed knowledge
of the dynamics of the piecewise linear phase model of §2 with a map extracted
from a realistic model of the BZ reaction to produce a BZ phase excitation map
whose dynamics is compared to experimental findings.

2. Phase model

A linear N-array of identical oscillatory or excitable units coupled linearly (i.e.
diffusion-like) may be described by

da:z/dt:f(ml)—{—d(mzﬂ —2$i+93i,_1), 1= 1,...,N, T; €© Rn, (21)

supplemented by a set of boundary conditions, for example no flux at the ends,
Ty = ¥, x4, = &y. The local dynamics of each unit is given by the function
f (=), d is the transport coeflicient. A pulse perturbation of the unit 1 may cause
its firing and the excitation can be propagated through the array. If the pulse
is applied periodically, the conditions for propagation will depend on the input
frequency, the amplitude of the pulse and the transport coeflicient.

The reduction of (2.1) to phase equations assumes that there is a one-dimen-
sional set A in R™ such that the local dynamics in each unit is, after a rapid
transient, confined to it; A is a limit cycle for an oscillator and an ezcitable cycle
for an excitator. Whereas the limit cycle is a single closed trajectory vy , the
excitable cycle is formed by two trajectories 7,72, both approaching a stable
stationary state x, from opposite directions as ¢t — oo. There are two basic
situations in the state space corresponding to two basic modes of excitability:
(a) there is an additional (saddle) stationary point such that v, and v, approach
it as t — —oo, (b) there is no such point; v; and v, come close to each other
in reverse time, eventually creating a narrow gap, but never join up. The case
(a) uniquely defines the excitable cycle A, whereas the case (b) does not; an
additional assumption of strong stability of A has to be made. In both cases,
there exists a slow manifold, the threshold set (Alexander et al. 1990), separating
two kinds of trajectories that correspond to excitation events and no excitations.
When perturbed at or near to x; so that the state of the system gets beyond the
threshold set, the system undergoes an excitation event; otherwise no excitation

Phil. Trans. R. Soc. Lond. A (1994)
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occurs. The threshold set may be a surface or a layer of finite thickness, locally
separating the state space R".

Once identified, A can be parametrized by a coordinate ¢ called the phase. A
scaled time may be a good choice for an oscillator but a different parametrization,
such as the arclength along A, is more convenient for an excitator due to the
presence of stationary state(s) in A.

We want a simple description that would comprise the two cases of excitability.
This is achieved by selecting two points, P; € 7, and P, € 7,, such that their
distance is small compared to the size of the excitable cycle, neglecting the gap
between them and making P identical to P, . In fact, the gap is filled with the
threshold set whose width is, by virtue of approximation, reduced to zero. We set
the phase ¢ = 0 at P, and ¢ = 1 at P,. By this procedure we get the advantage
of having a cyclic phase space in exchange for the inconvenience of having a
discontinuity in the velocity function on the phase circle.

A phase model of an excitable unit obeys (1.1); the velocity function v(¢)
is determined by the dynamics of (2.1) on A for N=1. The simplest form of v
is v = a — ¢ with ¢ restricted to a circle S! of length 1, 0 < ¢ < 1. Let us
assume that a perturbation will shift ¢ instantaneously by an amplitude A in the
positive direction (given by increasing ¢) along the cycle. Furthermore, we locate
the stationary point ¢ = a just below the threshold at ¢ = 0 so that ¢, +e =0
(mod 1), 0 < € < 1. Clearly, a moderate but superthreshold perturbation A > ¢
of the system at ¢, will cause ¢ to jump over the threshold and then increase
until ¢, is reached again (an excitation event); a subthreshold perturbation will
cause ¢ to approach the steady state in the negative direction (no excitation).

The simplest phase system that admits the propagation failure phenomenon is
the 2-array. The equations governing the dynamics under T-periodic forcing by
a sequence of § pulses of amplitude A are

doi/dt = a— ¢1 +d(¢p2 — —‘P)+A26(t_iT)a (2.2)

des/dt = a — ¢2 + d(¢1 — 2 + ¢). (2.3)
The coupling makes it possible for trajectories to cross the threshold value
¢1 = ¢ = 0 which leads to jumps and consequently to points of non-smoothness
on trajectories. The coupling terms provide a different source of non-smoothness
— diffusion on the circle must drive both phase variables to each other along the
arc of shorter length. Hence a switch function ¢ is introduced to take care of this:
(i) ¢ = 0 when —F < ¢y — 2 < 55 (i) ¢ = 1 when —1 < ¢y — ¢y < —1; (i)
@ =—1when ; < ¢ — ¢, <1.
The next step is to derive a Poincaré map associated with (2.2) and (2.3). A
convenient means of doing so is stroboscopically taking samples just before the
pulse. Starting with the initial state (¢, ¢2) and integrating the equations from

t = —etot = ¢, ¢ being an arbitrarily small positive number, we obtain the pulse
map P,

$1+=¢1 +A (mod 1), (2.4)

P2y = Pa. (2.5)

Considering that between two consecutive § pulses (2.2) and (2.3) are autonom-
ous and piecewise linear the integration over a time interval of length 7 between

Phil. Trans. R. Soc. Lond. A (1994)
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two consecutive points of non-smoothness starting at (¢10, ¢20) yields

¢1(7_) = 9(¢10; a',T) + D(d, T)(g(¢20§ a, T) - 9(¢10; a,T) - E(d’ T))’ (2'6)
¢2(7) = g($203 0, 7) + D(d, 7)(9(¢105 2, 7) — g($205 0, 7) + E(d, 7)), (2.7)

where .
g(di;a,7) =a(l —e™ ") + die™", =12,

D(d,T) = -;—(1 — e 247,

E(d,7)=0 if — 1< ¢i(s) — da(s) < 5, (@)

d(1 — e-(1+2d)7
- (12_|_(12d)(el _ e—zd)r) if — 1< ¢i(s) — ¢a(s) < —3, (iD)
| —2d(1 — e~(2)7)
T (142d)(1 — e 27)

Equations (2.6) and (2.7) reflect the functional form of (2.2) and (2.3); the
function g(¢s0; a, 7) describes the relaxation portion of the dynamics of an isolated
unit 7 since the coupling term disappears for vanishing d. The coupling terms are
proportional to the phase difference of both units at the time 7 corrected by the
compensation term E that appears due to the condition for the diffusion on a
circle; the integral transport coefficient D depends on 7 as well as on d and ranges
from 0 to 1.

The time 7 is determined implicitly by the instant of a jump in ¢, — ¢,. Thus
the Poincaré mapping II taking a point (¢1x, ¢2,x) just before the kth pulse to
(¢1.h41, B2 pr1) just before the (k + 1)st pulse is made up by combining the pulse
map P with a relaxation map F obtained by a product of three maps F YF”,
F™ defined by (2.6) and (2.7) with the three different choices (i), (ii) and (iii) of
E so that T = 7, + 75 + 75. In general, the ordering of F' s varies in each iteration
of IT depending on the order of occurrence of points of non-smoothness.

To understand the dynamics of the coupled system we first examine the dy-
namics of a periodically forced isolated unit. The mapping g(¢,;a,T), where
¢, =¢+ A (mod 1) is the pulse map, defines the Poincaré mapping of one cell
T-periodically perturbed with § pulses of amplitude A. The Poincaré mapping,

I(¢;a,T)=a(l—eT)+(p+A (mod1))e ™" (2.8)

is a piecewise linear function with a discontinuity at ¢, = 1— A. This is the phase
of marginal refractoriness; the system fires only when perturbed at ¢ > ¢,. The
slope of IT is less than 1 hence all orbits {¢;} are stable. The dynamics of IT is
well characterized by a rotation number (Alexander et al. 1990) expressing an
average increment in ¢ per one iteration,

if L < ¢1(s) — ¢a(s) <1, forsel0,7]. (iii)

=,
p = lim %Z(A‘FH(@;G,T) — P+40)- (2.9)

=0
A firing number v is an asymptotic average number of initiated excitation events
per one forcing period. In one cell a superthreshold perturbation always initiates
an excitation event. For each superthreshold perturbation A+II(¢;;a,T)— ¢4 =
1+ II(¢;a,T) — ¢y Since Y, II(¢y;a,T) — ¢, averages out, p = v. If v =p/q (p,g
coprime), then there is a phase-locked periodic régime with p excitation events

Phil. Trans. R. Soc. Lond. A (1994)
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per g perturbations. From numerical calculations the firing number appears to
be a non-decreasing stepwise function of T" with many discontinuous jumps (a
broken devil’s staircase); v vanishes at T' = 0 and reaches its maximum value of
1 for T sufficiently large.

The dynamics of two coupled excitable units is more complex. A superthreshold
perturbation of unit 1 does not necessarily imply an initiation of the excitation
event because of a possible suppression by diffusion. None the less, the rotation
numbers py, p» are defined in the same fashion as p for one cell and are equal to the
firing numbers vy, v, since p;s accommodate the diffusion suppressed (or induced)
excitations. Typically, one can expect that ¢, and ¢, are near ¢; = a before the
pulse and that ¢, is slightly above the threshold. That is, the pulse changes the
condition —1 < ¢y — o < 3 to —1 < ¢y — o < —3. Then two possible fates of ¢;
depend on whether diffusion drives ¢; back below the threshold or not. If so, then
no excitation occurs in the first cell and likewise the second cell cannot fire. If not,
then the excitation event in the first cell occurs and the second cell may fire as
well if diffusion drives ¢, above the threshold. So the propagation failure is chiefly
determined by the interaction of internal dynamics with diffusion during a time
interval 7, when the condition —1 < ¢; — ¢ < —% holds. The reverse situation,
when % < ¢1 — ¢o < 1 after the pulse, is much less frequent even though it may
occur at high frequencies of the forcing. This implies that the Poincaré map is
either II = F"oP,i=1,2,30or Il = F'oF?0oPorII = F" oF" o P depending
on whether the condition (i), (ii) or (iii) holds after the pulse and whether there
occurs a non-smooth point during the time interval T'. An approximate but useful
construction of II relies on the assumption that an initial time interval 73, during
which the condition (ii) or (iii) switches to (i) is very short. Then e " ~ 1 and
F~1 and

O=F"oF™"oP, (2.10)

where -
F™ o P = (¢1(Tin), $2(Tin)),

$1(Tin) = ¢1 + A(1 — Dip) + Din(¢p2 — ¢1),
$2(Tin) = ¢2 + ADiy, + Din (1 — ¢2),

Dy, = 5(1 —e724mm).

The terms €; = A(1 — Diy) + Din(¢p2 — ¢1) and €3 = AD;, + Diy(é1 — ¢2) can be
understood as effective amplitudes of a ‘finite-time-jump’ map P = F™oP. This
allows us to define phases of marginal refractoriness in each cell, ¢,; = 1 —¢; and
¢r2 = 1 — 5. The excitation event in the ¢th unit then occurs if ¢, , > ¢,;. When
checked numerically this criterion works quite well; it is not necessary to use it
with the simple phase model (2.2) and (2.3) but it will be of importance in § 3.
Further analysis was carried out on a computer by using (2.6) and (2.7) to
construct IT and calculating the vector of firing numbers (v;,v,). Clearly, the
propagation failure phenomenon implies vy 2> vy. The plot of vy, v, against T is
shown in figure 1. A characteristic feature of this excitation diagram, observed
in our earlier experiments with the BZ reaction and computer simulations of
full differential equations with a particular function f(x) corresponding to BZ
kinetics, is seen here again. Namely, for each of the dominant steps with v, = 1/q,
g = 1,2,3 in the first cell there is a whole staircase in the second one ranging

(2.11)

Phil. Trans. R. Soc. Lond. A (1994)
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1071

Figure 1. The plot of the firing vector (v1,v2) against T for the abstract phase map
(2.4)—(2.7); A=10.035,d = 0.12, a = 0.98; , first (externally driven) cell; - - -, second cell.

from v, = 1 to v = 0 . The dynamical régime is called a complete propagation
when vy = vy > 0, a partial propagation failure when vy > v, > 0 and a complete
propagation failure when v; > v, = 0. The complete propagation occurs in the
right portion of each of the 1/g-steps in the first cell and breaks down due to
the propagation failure. The complete propagation is repeatedly restored as T
is decreased until a limit is reached below which the staircase in the second
cell does not have a full width (this first happens when »; = 1 in the figure)
and ultimately no excitation is propagated. The induced staircases in the second
cell contain much less steps than the staircase in the first cell, in fact, there
seem to be only a few resonances possible with large gaps in between. Figure 2
shows all major resonance regions (boundaries were calculated approximately)
in the A-T parameter plane; each of the regions is distinguished by its firing
vector (vy,vs) . The superthreshold area shows a hierarchical structure with a
cross-similarity of the regions having the same ratio v,/v;. In general, complete
propagation dominates for A slightly above the threshold, complete propagation
failure becomes dominant as A is increased. A detailed structure of the boundaries
is a subject of an ongoing study.

3. Excitable BZ system

(a) Experiments

The experiments with the BZ reaction in an excitable mode were carried out in
two CSTRs coupled by a mutual mass exchange as shown in figure 3. The volume
of each cell was V' = 70 ml, the coupling strength was controlled by a movable
teflon barrier. The height z of the barrier opening is proportional to the trans-
port coefficient d (Stuchl & Marek 1982). Efficient stirrers (designed as Rushton
turbines) with a controlled stirring rate set to 600 r.p.m. were used. Platinum
and bromide ion selective electrodes were used to follow the course of the redox
potential and the concentration of bromide ions in both cells. The conditions
in both cells were kept the same: the inlet concentrations were [Ce(SO4),] =
0.006 mol dm™3, [H,SO4] = 0.410 mol dm~3, [CHy(COOH),] = 0.1 mol dm™3,

Phil. Trans. R. Soc. Lond. A (1994)
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Figure 2. T-A excitation diagram for the abstract phase map (2.4)—(2.7); the value of the firing
vector (v1,v2) defines a partition of the parameter plane into regions with particular dynamic
modes; d = 0.12, a = 0.98.

[KBr] = 0.01 mol dm™2 and [NaBrO;] = 0.3 mol dm™3; the residence time was
31 min and temperature 20.0 °C. The cell R1 was perturbed by pulse addition(s)
of a small volume (0.2-1.0 ml) of a solution of AgNOj (concentration 0.004-
0.02 mol dm~3) delivered within approximately 0.1-0.4 s. The added Ag" ions
remove Br~ ions which control the autocatalytic reaction pathway. The amount
of added Ag" ions divided by the volume V of the reactor represents an ampli-
tude A of the perturbation. Three externally adjustable parameters were varied
systematically: the transport coefficient d (through the height z), the amplitude
A and the period T'. Single pulse experiments can be treated as a special case of
the periodically perturbed system with an infinitely large T'.

(i) Single pulse stimulation

An excitation event in either cell was well indicated by the amplitudes of ex-
cursions of the bromide electrode potential; for given operating conditions the
ratio (amplitude of an excitatory response)/(amplitude of a failed excitation)
was never less than 3. There is a threshold value of A below which no excitation
is generated. For superthreshold values of A there are three possible kinds of re-
sponses: (a) the first cell fires and after a time delay the second cell fires as well;
it was found that the time delay is almost independent of A and only weakly
dependent on d; (b) the propagation failure occurs; (¢) no firing in any cell.

The occurrence of the three types of responses when the amplitude A and
the coupling strength represented by z are varied is indicated in figure 4. The
threshold value of the amplitude slightly increases with z and the propagation of
the firing to the second cell requires a critical value of z = z*(A4) to be exceeded;
z* increases with increasing A. Moreover, when A is varied for z fixed at a value
within the range of z*, the system passes through all three kinds of régimes: no
firing for subthreshold amplitudes, both cells fire for an intermediate range of A ,

Phil. Trans. R. Soc. Lond. A (1994)
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Figure 3. The experimental set up for two coupled cSTRs. (a) Solution of Ce(SO4)2 and H2SOy4;
(b) CH2(COOH)2; (¢) KBr; (d) NaBrOs; (e) AgNOs. 1, valve control; 2, solenoid valve; 3,
thermistor; 4, calomel electrode; 5, salt bridge; 6, platinum electrode; 7, bromide electrode; 8,
stirrer; 9, dosing capillary; 10, thermostat; 11, dosing pumps.

propagation failure for A large enough. This means, somewhat counterintuitively,
that an increase of the perturbation strength may cause a failure of the pulse
propagation.

(ii) Periodic pulse stimulations

An ‘experimental firing number’ o consistent with the definition of v in §1
was used in earlier experiments with a periodically forced BZ reaction in a single
CSTR (Dolnik et al. 1989) to characterize the resonance régimes; o is defined as
P/Q where P is the number of firings and @ is the number of perturbations
during an after-transient portion of the experiment. If the firing sequence can be
decomposed into n blocks of length ¢ with p firings in each block, i.e. o = np/ngq;
p,q coprime, n > 1, there is a p/q frequency-locked or synchronized régime with
p excitation events within ¢ forcing cycles; taking into account an inevitable
experimental noise, such a régime was usually considered periodic (and then
called p/q phase-locked) but in general the period may be an integer multiple of
g or there may be no period indicated. If n=1 then the dynamics is considered
non-periodic without frequency-locking. Clearly, the use of ¢ in the non-periodic
case must be approached with caution.

Here we use a firing vector (o1,02) puting together two experimental firing
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Figure 4. The type of the response to a single stimulation of varying amplitude c(Ag™) = A for
varying coupling strength z. 4, No firing in either cell; o, firing only in the externally perturbed
cell; o, firing in both cells; A, firing in both cells but propagation failure is possible if forced
periodically.

numbers associated with the dynamics in the two cells. Dynamical régimes ob-
served in the experiments can be classified according to several criteria. One of
them is the overall periodicity of the response. Another criterion is the occur-
rence of the propagation failure phenomenon. Yet another criterion is the mutual
frequency-locking of the two cells. Here we choose the propagation failure crite-
rion and find the following classes (assuming o; > 0):

(a) The dynamics is called a complete propagation if to each excitation in the
perturbed cell corresponds an excitation in the second cell, i.e. o5/0; = 1.

(b) A dynamical régime that admits the propagation failure to occur at least
once but not every time is called a partial propagation failure; oy, 0, satisfy 0 <
0'2/0'1 < 1.

(¢) Dynamics with o,/0; = 0 is called a complete propagation failure.

This classification holds for periodic as well as non-periodic dynamics. Even
though the former dominated in the experiments, the latter did occur. A particu-
lar periodic firing sequence as indicated by the Pt electrodes in both cells is shown
in figure 5. The firing vector is (1, %), the overall period is 27, i.e. ¢ = 2. So the
first cell is § frequency-locked with the driving sequence of perturbations but %
phase-locked; the second cell is % phase-locked with the external driving sequence.
This dynamical régime is classified as a partial propagation failure. In fact, this
is a nearly marginal case close to a transition to dynamics with (oy,05) = (1,1).
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Figure 5. Time records of the measured potentials Eg1, Esr2 of the bromide electrodes
in the two cells; first cell was stimulated with the period T' = 58 s; the amplitude

A=c(Agt) =9.5x 107° mol dm™®; z = 10 mm; the firing vector (o1,02) is equal to (1, ).
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Flgure 6. The plot of (o1,02) agalnst T constructed from experiments; z = 10 mm,
A=c(Agt)=7.5x10"° mol dm™* , First (externally driven) cell; - - -, second cell.

A plot of the firing number (or vector) against the period of stimulation and/or
other control parameter(s) is called an ‘excitation diagram’ (Dolnik et al. 1989;
Finkeova et al. 1990; Takahashi et al. 1990). The plot of (01,02) against T is
shown in figure 6; the firing vectors (1,1), (1,3), (1,3), (1,0), (3, %), (3,%), (5,0)
and (é, ;) all corresponding to periodic régimes, can be clearly identified from
experlments Non-periodic régimes do occur near the edges of main resonance
regions but these are left out from the diagram. Experiments at high values of z
reveal that when the cells are strongly coupled, the complex structure of the ex-

citation diagram due to the propagation failure phenomenon is no longer present
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c(AgH)/(10-5 mol I1)

T/s

Figure 7. Period—amplitude excitation diagram constructed from experiments; the value of the

firing vector (o1,02) defines a partition of the parameter plane into regions with particular
dynamic modes; coupling strength z = 10 mm. -, (1,1); |, (1,3); o, (1,0); x, (3,2); ®, (3,3);

+, (5,0 4, (3,55 ¥, (3, 1) V, (5,0); ®, non-periodic.

and only complete propagation remains. A two-parameter excitation diagram in
figure 7 is a projection of the firing vector into the A-T plane; the boundaries de-
lineate regions of constant firing vectors. The diagram shows that a propagation
failure may occur only if A is larger than about 7 x 107° mol dm~2 - a value well
above the threshold at A ~ 5 x 107° mol dm~3. Thus for slightly superthreshold
amplitudes complete propagation prevails whereas a propagation failure becomes
dominant as A is increased.

(b) Phase model from BZ kinetics

The kinetics of the BZ reaction has been thoroughly studied and its mechanism
is fairly well known (Field & Burger 1985). There are many particular models
of the BZ kinetics most of them derived from the Field-Koros—Noyes mechanism
(Field, Korés & Noyes 1972); notably the Oregonator model (Field & Noyes
1974). Here we adopt a four-variable version of a recently improved Oregonator-
like model (Zhabotinsky et al. 1993} — a simple but still reasonable model of the
BZ mechanism.

A single csTR with the BZ reaction is described by the evolution equations
(2.1) with N=1. The concentrations z, ¥, u, 2z of the four species HBrO,, Br~,
HBrOF, Ce'* constitute the components of # and the function f(x) is given by

fi=-ri+roa+rs—r_3—2ry—1rs+7r7; — kox,
fo=—rs—r7+qrs+riz+ ko(yo — y),
fs=2(r1 —r_1) —r3 +r_3 — kou,
fo=1r3—r_3—rs+ko(20 — 2),
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Figure 8. The excitable cycle A calculated from (2.1) and (3.1) and projected to the Iny-Inz
plane; parameter values are given in text. A is formed by two trajectories meeting at the steady
state s, no other steady states are present.

where the reaction rates are

ry = k]h()A.T, r_1= k_1U2, r3 = ng(Zo - Z),
r_3 = k_zrz, ry = k4, rs = kshozy,
ry = k'7h0Ay, rg = k'gBZ, ri3 = k'lgB.

Here the k;s are the reaction rate coefficients, hq is Hammet acidity function, ko
is the volumetric flow rate divided by the volume of the reactor, yo, 2o are inlet
concentrations and ¢ is a stoichiometric factor. The concentrations A = [BrOj],
B = [CHBr(COOH);| are assumed in excess and therefore constant. The values of
the rate coefficients are taken from (Field & Fosterling 1986), other parameters
are set to values corresponding to the experiments: A = 0.3 moldm™3, B =
0.1 mol dm—3, hy = 0.82 mol dm 3, z, = 0.006 mol dm~3, yo = 0.01 mol dm™3,
g = 1. Under these conditions the dynamics in an isolated cell undergoes a Hopf
bifurcation for ki ~ 1.2 x 107* s™!. The system is excitable in a range of the
flowrates just above kg in a good agreement with the value of 5.4 x 10™* s™* used
in the experiments.

The model provides an excitable cycle A with one stationary state, i.e. A is not
a closed curve, see figure 8. Now we want to use A for deriving a map analogous
to that obtained from the simple phase model (2.2) and (2.3). One way would be
to mechanically follow the approach from §2, find a velocity function v(¢) on A
and integrate the (2.2) and (2.3). However, the way (2.2) and (2.3) are perturbed
does not correspond well to the addition of silver ions in experiments (Finkeova
et al. 1990). Rather we retain only the essential features of (2.6) and (2.7) and
use the idea of the ‘finite-time-jump map’ and effective amplitudes as implied
by (2.10) and (2.11). A conjectured form of a phase mapping II(¢1, ¢2) between
the kth and the (k + 1)st pulses for two coupled BZ excitators T-periodically
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perturbed by adding A silver ions is

G141 = 9(P1p3€1,7) + D(d, 7)(g(D2,k5 €2, T) — 9(D1,85€1,T)), (3.2)
B2,k+1 = 9(Dak;€2,T) + D(d, 7)(g(d1,85 €1, T) — 9(P2,k5 €2, 7)), (3.3)
1

where e, = A(1 — Dy,), €2 = ADy, Dy = (1 —e2¥), D = (1 — e 2%7),
T = T, +7; Tin is a short initial time interval. The function g(¢;e,T') describes the
dynamics of an isolated cell T-periodically perturbed by Ag* pulses of amplitude
€ which must be empirically derived from the BZ model.

The equations (3.1) do not include silver ions as an independent variable. How-
ever, Agt acts by removing Br~ via a fast equilibrium reaction Ag*+Br~ =
AgBr; considering the solubility product s of this reaction, the amount of Br~
removed within the pulse is (Dolnik et al. 1989)

by =3(s/y+e+y—I[(s/y+e—y)+4s"?).

The map g is constructed numerically by taking many points on A, subtracting
8y from the current value of y = [Br™] and integrating (2.1) and (3.1) from 0 to
T. The perturbation relaxes back to the excitable cycle A within a short time
(< 1 s) and after choosing a parametrization by ¢ on A (we took the arclength in
the (Inz,Iny, Inu, In z)-space) g is obtained. We used a combination of hyperbolic
tangents to cast g(¢;e,T’) into an analytic form. The graph of g within the range
of T and A used in experiments is shown in figures 9 and 10. There is a steep
but continuous portion of the graph rather than a discontinuity since we have
not made the approximation of ‘cutting off’ the threshold set; on the other hand
g is a mapping of an interval rather than of a circle. The location of the drop is
independent of T' (cf. figure 9) and is shifted to the left with increasing A (cf.
figure 10). This is in agreement with the analogous mapping (2.8) of the abstract
phase model. The details of the dynamics of iterated g will be discussed elsewhere,
our aim here is to understand the essential features of the dynamics of the map
II(¢1, ¢2) defined by the coupled system (3.2) and (3.3).

As in §2, a sudden drop of g(¢;e;;T) defines a phase of marginal refractoriness
¢ir in the ith cell. Thus when iterating II(¢;, ¢2) a firing in the ith cell results
every time ¢, > ¢;.. Consequently the firing vector (v, v,) can be calculated.
Even though approximate, the mapping II(¢;, ¢2) reproduces salient features
of the experiments. When d is small, transitions from complete propagation to
partial and ultimately complete propagation failure occur repeatedly as T is de-
creased, see figure 11. An interesting observation is made for medium and large
T; then D is near to % and hence the phases in both cells just before the pulse
are nearly the same. Since ¢, < ¢2,, the perturbation at phases ¢; & ¢, results
in an excitation event in the first cell but fails to initiate a firing in the second
one if ¢y, < ¢; < ¢o.. Thus although the dynamics of the phase map suggest a
near to perfect synchronization at the end of the relaxation phase, the immediate
response to perturbation may dramatically differ in both cells. Numerical cal-
culations also show that when d is large, only complete propagation is possible.
Further refinements of IT are deemable.
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8

8(9)
[=)}

Figure 9. The phase excitation map g(¢) for an isolated CSTR with the BZ reaction periodically
perturbed by injections of Ag™ ions; A = 1.0 x 10™* mol dm™>; the curves (a)—(e) correspond
to T' = 20,40, 60, 80,100 s respectively; see text for other parameter values.

8

8(9)

Figure 10. The phase excitation map g(¢) for an isolated CSTR with the BZ reaction periodically
perturbed by injections of Ag™ ions; T' = 60 s; the curves (a)—(d) correspond to A = 0, 1.0x107°,
1.0 x 1075, 1.0 x 10™* mol dm~? respectively; see text for other parameter values.

4. Discussion and conclusions

The excitation diagrams presented in figures 1, 2, 6, 7 and 11 all possess the
same features — the most prominent being the repeated transitions from complete
propagation to complete failure of propagation as the forcing period is decreased.
This is true even for the abstract phase model discussed in §2 and points to a
generic occurrence of the propagation failure phenomenon. The reason for this
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Figure 11. The plot of the firing vector against T for the BZ phase mapping (3.2), (3.3); A =
1.0 x 107* mol dm™3, d = 0.01, 7o = 1.5 s; ——, first (externally driven) cell; - - -, second cell.

striking agreement follows from the T-dependence of the integral diffusion co-
efficient D and the dynamics of the ‘finite-time-jump’ map (2.10) and (2.11).
Equation (2.11) implies that the phase of marginal refractoriness in the second
cell is larger than that in the first cell. Consequently for T' sufficiently large D
approaches its upper limit of % and the phases in both cells tend to be almost the
same. The different ability of both cells to fire then directly results in repeated
cascades as indicated by the excitation diagrams.

Construction of models for networks of excitable units with a more complex
topology (linear and cyclic arrays, various planar structures) based on coupled
phase excitation maps can proceed as a straightforward extension of the ap-
proach outlined here. Remarkable agreement between the excitation diagrams
constructed from experiments on one hand and the diagrams calculated from two
simple phase models on the other, gives support to further development of the
method and opens wide possibilities of applications to biochemical and biologi-
cal systems; for example those directly involved in signal transmission through
synapses, such as the acetylcholine system. Once the phase map for a particular
dynamics of an excitable unit has been constructed (either directly from experi-
ments or from a detailed physico-chemical model), a model of a network is directly
available. A detailed knowledge of the dynamics of such a coupled array would
help to bridge the gap between the rather formal neural networks approach and
the accumulating experimental knowledge about functioning of particular neuro-
physiological systems (Steriade et al. 1993; Lebender et al. 1993).
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